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Abstract 
 
The electric power generation business is facing uncertain and competitive environments with much financial risk.  
In this paper, we design and analyze a real options model for a utility with multiple inter-related generation planning 
projects.  Also, comparisons relative to other models are made and a numerical example is provided so as to 
illustrate the optimal sequential decision making. 
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1. Introduction 
The generation business in the U.S. is currently undergoing a transition from a regulated monopoly toward an 
uncertain competitive market.  With the financial risks accompanying these market uncertainties, it is highly 
desirable to explore various options a utility has in generation planning.  In this paper, we design and analyze a real 
options model for a utility with multiple inter-related generation planning projects.  By inter-relation, we mean 
market values of completed projects are correlated.   
 
A single project here represents a potential new power plant.  There are decision alternatives for each project.  For 
example, a project may have the decision alternatives to construct a power plant, to defer the construction of a power 
plant, to operate the power plant at its constructed capacity level, and to sell the power plant.  When a utility has 
multiple projects, the number of options for the utility represents the enumerated combinations of the decision 
alternatives for each project. 
 
Market conditions will determine which option should be exercised.  Since the options mentioned here are of 
strategic nature, market conditions are represented by the market values of completed projects.  These market values 
will be utilized as the underlying assets for the strategic options.   
 
The movement of the market value of a completed project is assumed to follow geometric Brownian motion (GBM) 
process [1, 2].  Since the direct solution for the system of differential equations derived from GBM processes is 
extremely difficult to obtain in general, in this paper, we develop lattice processes to approximate the combinations 
of inter-related GBM processes.  Furthermore, comparisons are also made relative to other models. 
 
This paper is organized as follows.  In Section 2 we develop a unique lattice process that describes the market values 
of n inter-related projects while in Section 3 we compare our lattice process with other existing lattice 
approximations.  In Section 4 we formulate a sequential decision making process via backward dynamic 
programming while a numerical example for sequential decision making is provided in Section 5.  Finally, 
concluding remarks is provided in Section 6.    
   
2. Modeling the valuation of inter-related projects 
Let  iX  be the market value of completed project i and it evolves according to a GBM process: 
 iiiiii dzXdtXdX sm +=                                                                   (1) 
  
where im  denotes the rate of return on completed project i while t represents time [3].  is  denotes the standard 
deviation of the rate of return on completed project i.  dt is the differential with respect to time while idz  is the 
differential of a standard Wiener process (with mean 0 and variance dt) for completed project i.  We note that idz  
and jdz  has correlation coefficient ijr  for all i's and j's.  
  
2.1 Binomial Lattice Process for a Single Project 
One GBM process can be approximated by a binomial lattice process [4] as shown in Figure 1.  The probabilities for 
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by r, risk-free rate of return, 
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p  becomes risk-neutral probability (for risk-neutral probability, see [3, 5]. 
 
 
 
 
 
 
2.2 Steps toward Discrete Approximation of the Valuation Model 
The combination of two GBM processes for two projects can be approximated by a four-branch lattice process.  By 
matching the covariance of the binomial lattice processes and the covariance of the GBM processes for two projects, 
the probabilities of the value movement probabilities for the branches, ( 2211 , XuXu ), ( 2211 , XdXu ), ( 2211 , XuXd ), 
and ( 2211 , XdXd ) in the four-branch lattice are equal to 4
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r
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r
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+dd pp , respectively [6]. 
 
Let us now utilize the results of the two projects case in examining the three projects case.  The combination of three 
GBM processes can be approximated by an eight-branch lattice process.  If three GBM processes are not inter-
related, then the joint probability for each branch is equal to the product of three marginal probabilities.  Otherwise, 
an adjustment, ka , k  = 1,…, 8, will be added to the product of the three marginal probabilities in branch k .    
 
The values of ka ’s can be determined by utilizing three four-branch lattice processes of (1) a process for projects 1 
and 2, (2) a process for projects 2 and 3, and (3) a process for projects 1 and 3.  With the assumption of symmetry 
(i.e., 81 aa = , 72 aa = , 63 aa = , 54 aa = ) (see e.g., Boyle, Evnine, and Gibbs [7]), the following solution is unique: 
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We note that the value movement probabilities of the eight-branch lattice process are derived from the value 
movement probabilities of three four-branch lattice processes.  By using the same logic, the value movement 
probabilities of a n2 -branch lattice process (for n inter-related projects case) can be derived from the value 
movement probabilities of n 12 -n -branch lattice processes (for n n-1 inter-related projects cases). 
 
2.3 Discrete Approximation for N Inter-Related Projects 
By observing the pattern of the value movement probabilities for three projects case, in this subsection, we will 
present a formula for the value movement probability of branch k ( nk 21 ££ ) in the n2 -branch lattice process for n 
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Figure 1. Binomial lattice process 
  
inter-related projects.  We note that branch k  represents the k th market condition which is defined by the vector of 
updated market values of the n inter-related project.  The resulting valuations of the n inter-related projects in 
branches 1 and 2 are defined to be ),...,( 11 nn XuXu  and ),,...,( 1111 nnnn XdXuXu -- , respectively.  For branch k 
where mm k 212 1 ££+- , nm ,...,2= , the resulting valuation of the n inter-related projects is 
),,,...,( 1111 YXdXuXu mnmnmnmn +-+---  where Y represents  a vector that is the same as the remaining elements after 
the (n-m+1)th element in the resulting valuation of the n inter-related projects in branch 12 -- mk .  Based on this 
definition of k , a closed-form solution is presented in the following proposition. 
 
Proposition: 
If  (a) the values of n inter-related projects are represented by n2 -branch lattice process, 
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Once the value movement probabilities are obtained, then in conjunction with the values of iu ’s and id ’s, we have 
complete information on the n2 -branch lattice process for the n inter-related projects.  The proof for the proposition 
is available upon request.   
 
3. Comparisons with Other Discrete Models 
Thus far, we have developed an approximation model for n inter-related projects.  In the literature, however, there 
exist other approximation models that are based on adjusting the probabilities associated with the branches in a 
lattice for multiple inter-related GBM processes.  The lattice is developed based on either a binomial or trinomial 
lattice process.  In this section, we will review the existing approximation models and provide comparisons between 
the most relevant existing model with our model. 
 
Based on a trinomial lattice process for one GBM process, Boyle [9] and Kamrad and Ritchken [10] state that the 
combination of two correlated GBM processes for two correlated underlying assets can be approximated by a five-
branch lattice process.  Furthermore, Kamrad and Ritchken [10] extends the five-branch lattice process to a 12 +k -
branch lattice process for k  inter-related underlying assets .  We note that these lattice processes may not be able to 
properly represent the possible states because the number of branches for more than one underlying asset are not 
sufficient for all possible states generated from the trinomial lattices.  On the other hand, Hull and White [11] 
develops a nine-branch lattice process for two correlated underlying assets.  However, since the probabilities 
associated with the nine branches are defined based on the sign of the correlation coefficient, the process is difficult 
to be extended to a process for more than two inter-related underlying assets. 
 
Let us now proceed to examine the existing models based on binomial lattice processes.  Our model for n inter-
related projects in Section 2 is extended from binomial lattice processes, which is developed by deriving the 
  
appropriate values of 
iu
p , iu , and id , as in Cox, Ross, and Rubinstein [4], to approximate the GBM process for 
project i.  However, Cox, Ross, and Rubinstein (CRR) approach is not the only approach to develop a binomial 
lattice process.  Instead of imposing the assumption 1=ii du , Hull [12] fixes the value of iup at 0.5.  Then, by 
solving two equations for two unknowns ( iu  and id ), Hull obtains 
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claims that the advantage of his approach over the CRR approach is that 
iu
p ’s are always positive.  In contrast, the 
CRR approach may give negative probabilities if the length of a period ( tD ) is extremely large.   
 
To examine the range of tD  that provides negative 
iu
p , we utilize the formula for 
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p  in Section 2.  It can be 
shown that if 2
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t  there will be negative 
iu
p .  Now, by employing numerical values for s  and r, we 
calculate the range of tD  that will provide negative 
iu
p  in the following examples: 
Example 1: If r=0.05 and s =0.4, then tD >177.8 (year).  We note that 5% risk-free rate of return and 40% volatility 
are reasonable numbers for power industry. 
Example 2: If r=0.1 and s =0.2, then tD >6.25 (year).  We note that 10% risk-free rate of return is very high and 
20% volatility is very low, which provides a very small starting value of tD  that provides negative 
iu
p . 
 
We note that it is very unlikely that a utility makes strategic decisions every six years.  Hence, the disadvantage of 
the CRR approach claimed by Hull rarely exists.  On the other hand, Hull’s process is difficult to be extended to the 
processes for more than two inter-related underlying assets (i.e., Hull [12] extends his binomial lattice process to a 
four-branch lattice process for two inter-related underlying assets). 
  
The CRR approach is employed to develop lattice processes for two and more inter-related underlying assets by 
Boyle, Evnine, and Gibbs (BEG) [7].  Boyle et al. equate the characteristic function of a lattice process to the 
characteristic function of the combination of GBM processes to obtain value movement probabilities.  The major 
differences between BEG process and our process are as follows.  First, the value movement probabilities (e.g., the 
probability of (up, up)) in BEG process keep terms up to tD .  On the other hand, the value movement probabilities 
in our process keep terms up to tD  (i.e., this can be observed by expanding the mathematical expressions of the 
value movement probabilities).  This implies that our process may be more accurate as the true GBM process gets 
more non-linear.  Next, the solution for the value movement probabilities in BEG process is not unique.  On the 
other hand, the solution for the value movement probabilities in our process is unique.  
 
4. Sequential Decision Making via Backward Dynamic Programming 
In this section, we will utilize a dynamic programming model to formulate sequential decision making process for n 
inter-related projects over multiple periods.  For our multi-period model, we assume that a period represents a 
duration.  There are two time nodes in a period.  We assume that the time node at the end of the period is identical to 
the time node at the beginning of the next period.  We note that options can be exercised at the time node of the 
beginning of each period.  It can be shown that the number of market conditions (i.e., states such as 
),...,,( 2211 nn XuXuXu ) at time node t of the beginning of each period is 
nt  (t=1,…, T).   
 
The value of the investment is defined as the sum of accumulated values of options (see e.g., Childs and Triantis 
[1]).  The value of the investment at t (t=1,…,T-1), given state s is newly observed while the option exercised at t -1 
was q, can be obtained as follows:  
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where 
s = index of states, s=1,…, nt  
  
 t = index of time nodes, t=1,…,T-1, where T is the termination time node 
 h = index of options, h=1,…,H 
 )(qV st  = value of the investment at t, given state s is newly observed while the option exercised at t-1 was  
 q 
 )(hC st  = net cash flow at t if option h is exercised in state s at t 
 )]([ 1 hVE
s
t+ = expected value of )(1 hV
s
t+  with respect to risk-neutral probabilities ( kp ’s in  (2)) 
 )(1 hV
s
t+  = value of the investment at t+1, given state s is newly observed at time t while the option  
 exercised at t is h (a random variable) 
 r = risk-free rate of return in a period 
 )( hqI ® = switching cost from option q to option h 
  stF  = set of feasible options at t, given state s is newly observed 
 
Switching from an option to another option requires a switching cost.  If a switch is between the same option, the 
switching cost is assumed to be zero.  When a switch between two options is infeasible, the switching cost is 
assumed to be infinite.  We note that )(qV st  is subject to feasibility constraints.  
s
tF  denotes the set of feasible 
constraints such as budget and demand constraints.  For example, a utility may not have enough capital to construct 
all n projects in state s at t.  Hence, the index number representing the option to construct all n projects is not in stF . 
 
The value of the investment at T can be obtained as follows: 
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5. A Numerical Example  
We now provide a numerical example with hypothetical data to illustrate our sequential decision making process.  In 
this example, there are three inter-related projects.  Project 1 represents a potential gas turbine power plant.  Project 
2 represents another potential gas turbine power plant.  Project 3 represents a potential wind power plant.  The 
planning horizon is assumed to be two periods and the length of a period is six months (i.e., 5.0=Dt ; see e.g., 
Teisberg [2]).  Therefore, there are three time nodes.  Namely, t =1, t =2, and t =3.  At a time node, each project has 
the following four decision alternatives: to construct the power plant, to defer the construction of the power plant, to 
operate the power plant at the constructed capacity level, and to sell the constructed power plant at its salvage value.  
Therefore, the maximum number of options at a time node is 644 3 = . 
 
For simplicity, we assume that the construction of a power plant can be completed in a period.  This assumption can 
be relaxed by dividing the construction of a power plant into multiple stages and each stage can be completed in a 
period.  The completion of a stage will provide the option to complete the following stage.   
 
Let us assume the following numerical values: r, the risk-free rate of return in a period, is 0.05.  The values of 
),( ii sm , i=1, 2, 3, are given by (0.3, 0.4), (0.3, 0.4), and (0.2, 0.2), respectively.  The correlation coefficients 12r , 
13r , 23r  are given by 0.5, -0.6, -0.7, respectively.  For Projects 1, 2, 3, the capacity (MW), construction cost ($ 
million), and the market value of the completed project at t=1 ($ million) are given by (100, 50, 60), (150, 80, 90), 
and (50, 20, 25), respectively.  The budget and capacity constraints are shown in Table 1.   
 
Table 1. Budget and capacity constraints 
 t=1 t=2 t=3 
Budget constraint 
(US$ million) 
150 for all states (only one 
state at t=1) 
60 for all 8 states None for all 27 states 
Capacity requirement 
(MW) 
None for all states  
(only one state at t=1) 
250 for first 6 states 
230 for last 2 states 
280 for first 26 states  
220 for last state 
  
 
Given r=0.05, we have 4735.0
1
=up , 4735.02 =up , 553.03 =up .  Next, with ijr  values and relation (2), kp , 
k=1,…,8, are calculated by 0.024, 0.325, 0.088, 0.036, 0.063, 0.061, 0.378, 0.024, respectively.  Finally, ),( ii du , 
i=1, 2, 3, are calculated by (1.327, 0.754), (1.327, 0.754), (1.152, 0.868), respectively. 
 
The net cash flows (i.e., )(hC st ’s) at a time node in the two-period eight-branch lattice processes for some options 
can be obtained in a straightforward manner with the following simplifying assumptions.  First, we assume that the 
net cash flow from exercising the option to sell a power plant is equal to the value of its underlying asset.  Likewise, 
the net cash flow from exercising the option to construct a power plant is assumed to be the negative value of its 
construction cost (which, in turn, will be assumed to be constant over time).  Also, the net cash flow from exercising 
the option to defer the construction of a power plant is assumed to be zero.  Finally, the net cash flow from 
exercising the option to operate a power plant is assumed to be equal to one-fourth of the value of its underlying 
asset.  
 
We note that, in this two-period example, 3=t  is not the last time node of the life of the power plants.  Instead, 
3=t  represents the last time node of a utility’s planning.  Thus, the net cash flows at 3=t  represent the estimation 
of the accumulated net cash flows for all the later time nodes.  In our example, the net cash flow from exercising the 
option to operate a power plant at 3=t  is assumed to be equal to the value of its underlying asset at that time.   
 
5.1 Optimal Sequential Decision via Backward Dynamic Programming 
Via backward dynamic programming, the optimal sequential decisions are as follows: At t=1, construct all three 
power plants.  At t=2, operate all three power plants in all states.  At t=3, operate all three power plants in the first 
26 states, and operate power plants 1, 2 and operate or sell power plant 3 in the last state.  The corresponding 
optimal value of the investment at t=1 is $59,719,900.  The details of the steps toward the optimal sequential 
decisions are available upon request. 
  
6. Concluding remarks 
In this paper, for n inter-related projects, we first derived a unique lattice process that describes the evolution of 
values of projects and options.  Then, we compared our lattice process with other existing lattice processes.  Next, 
we examined how real options representing strategic decisions can be utilized in a sequential decision making 
process involved n inter-related projects.  Finally, managerial insights and economic implications were provided via 
a numerical example. 
 
This paper provides the basis for possible extensions.  One extension will be the inclusion of tactical decisions.  In 
addition to strategic decisions, a utility makes tactical decisions over the options such as to turn on or to turn off a 
power plant based on short-term observation on the spot market.  How to combine the tactical options as well as the 
strategic options is a challenging problem as such tactical options' underlying asset values may not follow the 
geometric Brownian motion processes. 
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